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Let G be a graph and χl(G) denote the list chromatic number of G. In this paper we prove
that for every graph G for which the length of each cycle is divisible by l (l ≥ 3), χl(G) ≤ 3.
© 2008 Elsevier B.V. All rights reserved.
Let G be a graph and L be a set. A proper vertex coloring of G is a function c : V (G) −→ Lwith this property: if u, v ∈ V (G)
are adjacent, then c(u) and c(v) are different. The chromatic number of G, χ(G), is the minimum number of colors which is
needed for a proper coloring of G. For each vertex v in a graph G, let L(v) denote a list of colors available at v. A list coloring
or choice function is a proper coloring f such that f (v) ∈ L(v), for each v ∈ V (G). A graph G is k-choosable or list k-colorable
if every assignment of k-element lists to the vertices permits a proper list coloring. The list chromatic number, or choice
numberof G, χl(G), is the minimum integer k such that G is k-choosable.
There is a well-known characterization of the bipartite graphs in terms of cycle parity: A graph G is bipartite if and only
if the length of every cycle of G is divisible by 2. Thus if in a graph G, the length of every cycle is divisible by 2 and G has at
least one edge, then χ(G) = 2. In [1] it was proved that the list chromatic number of a bipartite graph can be arbitrarily
large. In the present paper we study the list chromatic number of graphs for which the length of each cycle is divisible by
l (l ≥ 3). Here, it is shown that if G is such a graph, then χl(G) ≤ 3. Thus the list chromatic number of such graphs cannot
be large. We begin with the following lemma.
Lemma 1. Let G be a graph and l ≥ 3 be a natural number. If the length of each cycle of G is divisible by l, then for any e ∈ E(G),
there exists e′ ∈ E(G) such that {e, e′} is an edge cut for G.
Proof. Let e = uv. If G \ {e} is 2-edge connected, then by Menger’s Theorem (see [2, p. 169]) there are two (u, v)-edge-
disjoint paths P1 and P2. Since every cycle of G has a length divisible by l and P1 ∪ {e} is a cycle of G, we conclude that
|E(P1)| = l− 1 and |E(P2)| = l− 1, (mod l). Now, P1 ∪ P2 is an Eulerian graph whose edges can be decomposed into cycles;
see [2, p. 28]. Thus we have l | |E(P1)| + |E(P2)| = 2l− 2 (mod l), a contradiction. Hence the edge-connectivity of G \ {e} is
at most 1. This implies that there exists e′ ∈ E(G \ {e}) such that {e, e′} is an edge cut for G and the proof is complete. 
Theorem 1. Let G be a graph and l ≥ 3 be a natural number. If the length of every cycle of G is divisible by l, then χl(G) ≤ 3.
Proof. Clearly, we may assume that G is connected. By induction on |V (G)|, we prove that if G is a graph which satisfies the
hypothesis, then for given two distinct vertices u and w with colors a and b, respectively (if u and w are adjacent, then we
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assume that a 6= b), if we have a list assignment of vertices with the property that |L(v)| = 3, for each v ∈ V (G) \ {u, w},
then one can obtain a list coloring for G, say c , such that c(u) = a and c(w) = b.
If n = 3, then the assertion is clear. Suppose that the theorem holds for every graph H with |V (H)| ≤ n. Let G be a graph
with n + 1 vertices with list assignment L, such that |L(v)| = 3, for any v ∈ V (G) \ {u, w} and the colors of u and w are a
and b, respectively. Suppose that e = uv is an edge incident with u. By Lemma 1, there exists an edge cut {e, e′} for G, where
e = uv and e′ = u′v′ (u, u′ and also v, v′ are not necessarily distinct). Let G1 be the connected component of G \ {e, e′}
containing u and G2 = G \ {e, e′, V (G1)}. With no loss of generality assume that u′ ∈ V (G1). The following cases can be
considered:
Ifw ∈ V (G1) (w and u′ are not necessarily distinct), then by the induction hypothesis, there is a list coloring of G1, say c1,
such that c1(u) = a and c1(w) = b. If v = v′, then by the induction hypothesis, there is a list coloring of G2, say c2, such that
c2(v) ∈ L(v) \ {c1(u), c1(u′)}. If v 6= v′, then consider a color x ∈ L(v) \ c1(u) and a color y ∈ L(v′) \ c1(u′) such that x 6= y.
By the induction hypothesis, there exists a list coloring of G2, say c2, such that c2(v) = x and c2(v′) = y. Then together c1
and c2 give the desired coloring of G in the case wherew is in G1.
Suppose thatw ∈ V (G2) and v = v′. Ifw = v = v′, then by the induction hypothesis there exists a list coloring c2 of G2
such that c2(w) = b. Let t ∈ L(u′) \ {a, b}. Now, by induction there is a list coloring c1 of G1 such that c1(u′) = t , as desired.
If w 6= v, then let z ∈ L(v) \ {a, b}. By induction, there exists a list coloring c2 of G2 such that c2(w) = b and c2(v) = z.
Suppose that t ∈ L(u′) \ {a, z}. By the induction hypothesis one can find a vertex coloring for G1, say c1, such that c1(u) = a
and c1(u′) = t , as desired.
So we can suppose that v 6= v′. First assume that w = v. If u 6= u′, then let s ∈ L(u′) \ {a}. By induction there exists a
list coloring c1 of G1 such that c1(u) = a and c1(u′) = s. Suppose that s′ ∈ L(v′) \ {b, s}. Now, by induction there is a list
coloring of G2, say c2, such that c2(w) = b and c2(v′) = s′. If u = u′, then let t ∈ L(v′) \ {a, b}. By induction, there exists
a list coloring, say c2, of G such that c2(w) = b and c2(v′) = t . Now, one can extend this coloring to a vertex coloring of G
such that the color of u is a. Ifw = v′, then the proof is similar.
Finally, assume that w 6∈ {v, v′}. Let r ∈ L(v) \ {a, b}. By induction, there exists a list coloring of G2, say c2, such that
c2(v) = r and c2(w) = b. Let r ′ ∈ L(u′) \ {a, c2(v′)}. By induction, there exists a list coloring c1 of G1 such that c1(u) = a
and c1(u′) = r ′, and the proof is complete. 
Corollary 1. Let G be a graph and l ≥ 3 be a natural number. If we put l − 1 vertices on each edge of G and call the resultant
graph by H, then χl(H) ≤ 3.
A characterization of all 2-choosable graphs is given in [1]. If G is a connected graph, the core of G is the graph obtained
from G by repeatedly deleting vertices of degree 1 until there is no such vertex. A simple graph is 2-choosable if and only if
the core of each of its connected components is either a single vertex, or an even cycle, or a graph consisting of two vertices
with three even internally disjoint paths between them, where the length of at least two of the paths is exactly 2. Therefore
we have the following theorem.
Theorem 2. Let G be a connected graph and l ≥ 3 be a natural number. If every cycle of G is divisible by l, then the following
hold:
(i) If G is not bipartite, then χl(G) = 3.
(ii) If G is bipartite and l 6= 4, then χl(G) = 3 if and only if G contains at least two cycles. If l = 4 and |V (G)| ≥ 2, then
χl(G) = 2 if and only if core G is either a single vertex, or an even cycle, or a graph consisting of two vertices with three
internally disjoint paths between them, where the lengths of two paths are 2 and another one has length 2modulo 4.
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